
UNCLASSIFIED

AD 297029

ARMED SERVICES TECHNICAL INFORMATION AGENCY
ARLINGTON HALL STATION
ARLINGTO 12, VIRGINIA

UNCLASSIFIED



NOTICE: When government or other drawings, speci-
fications or other data are used for any purpose
other than in connection with a definitely related
government procurement operation, the U. S.
Government thereby incurs no responsibility, nor any
obligation whatsoever; and the fact that the Govern-
ment may have formulated, furnished, or in any way
supplied the said drawings, specifications, or other
data is not to be regarded by implication or other-
wise as in any manner licensing the holder or any
other person or corporation, or conveying any rights
or permission to manufacture, use or sell any
patented invention that may in any way be related
thereto.



aw*,
OC%

SFLEXURE OF CIRCULARLY ANISOTROPIC

CIRCULAR PLATE WITH ECCENTRIC LOAD

,by

I. A. Minkarah

and

W. H. Hoppmann IIU

Department of' the Army - Ordnance Corps

Contract No. DA-30-115-509-ORD-912

II A

Department of Mechanics

Rensselaer Polytechnic Institute

Troy, New York

February 1963



FLEXURE OF CIRCULARLY ANISOTROPIC

CIRCULAR PLATE WITH ECCENTRIC LOAD

by

I. A. Minkarah

and

W. H. Hoppmarn II

Department of the Army - Ordnance Corps

Contract No. DA-30-115-509-ORD-912

Department of Mechanics

Rensselaer Polytechnic Institute

Troy, New York

February 1963



FLEXURE OF CIRCULARLY ANISOTROPIC

CIRCULAR PLATE WITH ECCENTRIC LOAD

I. A. Minkarah1 and W. H. Hoppmann II2

Introduction

In order to determine the elastic compliances of an aniso-

tropic material, it is necessary to conduct deformation experi-

ments on a portion of the material subjected to known surface

loads and displacements; In particular, to determine the com-

pliances for thin sheets of circularly orthotropic material

it will suffice to load with an eccentric concentrated force,

a circular plate of the material supported along its edge.

The plate should be formed so that its radii are a system of

principal directions for stiffness and circles concentric with

the boundary of the plate are the orthogonal set of principal

directions of stiffness. Measurements of deflections normal

to the plate surface can be made at a suitable number of points

appropriately located. The introduction of these measured de-

flections into the theoretically determined equations for de-

flection enables one to determine the elastic compliances

siLmply by solving a set of simultaneous equations in the com-

pliances.

lInstructor in Civil Engineering, Rensselaer Polytechnic

Institute
2Professor of Mechanics, Rensselaer Polytechnic Institute
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The theoretical solution for the circularly orthotropic

plate with clamped boundary and subjected to an eccentric con-

centrated force has been obtained by A. M. Sen Gupta 1l] 3 .

However, it turns out that it is more convenient to perform

the experiments on a plate having so-called simply-supported

or momentless edge. A study of the methods of providing ex-

perimentally any desired rotational constraint on a boundary,

including the case of momentless edge, has been presented in

the technical literature [2]. The usefulness of the momentless

edge condition has been particularly emphasized. Consequently,

it is desirable to have available the solution of the plate

equation which satisfies such a boundary condition. It is the

purpose of the present report to provide the solution for that

case.

Differential Equation of Plate Flexure

Using s i to denote the compliances, the stress-strain

law for the problem under consideration in polar coordinates

is as follows [3,4]:

er = Sll 0r + S12 "0

f9 = s21 ar + s22 @9

YrO = s66 r9

where s12 = s21.

3Numbers in brackets designate References at end of Report.
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Using the principles of plate theory for small deflections

and the proposed stress-strain law it can readily be shown that

the Differential Equation for flexure is [1,5]:

D 4+ 2D r 2+ De 4w+ 2Dr a3w  2DrG a3w

r r2 rGr ag2g r- 4 r arag?

D 2w +2(De + Dro) a2w De ow = q(r,G)

- 6r r e r7

where:

w = deflection of the plate

r,G = polar coordinates

q(r,Q) = P = concentrated force for this problem

h = thickness of plate

Er = 1/s22

E0  = 1/811

G = 1/s66

v r  = -s12/s22

v0 -l2/Sll

Erh 3

Dr -

12(1-VrV9 )

D E0
3

12(1-vr v )

Gh3k= -2
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DrG m 2 Dk + v. Dr - 2 Dk + v r Do

Solution of the Plate Equation

Assume that a concentrated force P is applied to the

surface of the plate at a distance b from the center. Then

imagining the plate of radius a to be divided into two re-

gions by the concentric circle of radius b , we may use the

solution for the plate equation with q(r,G) taken identically

zero for each region of the plate.

The solution for the portion of the plate given in region:

0< r< b

may be written:

= RO'+LCos m

m=l

and the portion given in region:

b<r<a

may be written:

w R+ .&cosmQ .

m-l

Defining

k =--

the function R0 may be written:
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R 0  - A0 r1 + k + B 0 + C r2 + D0 r l1 k

for k +1 or 0

and R = A0 + B0 r2 + C 0 log r + D0 r2 log r

for k= + 1.

The characteristic equation corresponding to the homo-

geneous differential equation is:

A4 _ (i + k 2 + 2a' m2 )X2 + k2 (m2 - 1)2 = 0

where a' Dr

Dr

The roots of this equation may be written:

± (Pm + qm) and + (po - qm) for m_ 2

and + ki for m = 1

whence we have for m > 2

1 +pm+qm 1D l+Pm-qm 1 -pm+qm1 Pm
Rm = Am r + Bm r + m m r

and for m= 1

R +k1 1 -k 1R1 =A 1 r + B1 r+ C1 r + D1 rlog r .
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Similarly we may write solutions for the inner portion of

the plate in terms of the primed functions R' , R1 ,

Also using the normalizing conditions of boundedness for

deflection, moment, and shear force at the center of the plate

we have:

C; = D; = 0 from slope and shear

C' = D ' = 0 from slope and deflection
1 1

C' = D' = 0 from slope and Pm> qm
m m

Hence
R A' A l+k ,

R0  - 0  + 0

l+k 1

R1 = Al r + B' r1 1 1
I Am  l+pm+qm +Bm r +pm -qm

= A' r +B

Therefore we have six sets of constants to be determined by the

two boundary conditions at r = a and the four continuity con-

ditions at r = b .

From the requirement of continuity at r = b we have:

aw2 21w W w 2Wl

W - W1  ,= - , and a 1

Also, if the concentrated force P is expanded in a

Fourier series in the angle 0 we have:
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o

P + _ cosa )
rb 2 m=l

Furthermore, the shear force condition at r = b is:
3w- 3Wl = P (1+ -- Cos m )

ar r 'bD r  2 m=l

and the boundary conditions at the edge of the plate, r = a ,

for so-called simple support or momentless boundary are:

2 0
an M2w + vw iW + 1 2w0

r~
and~ ~ Mr = +v r 6r r

at r = a

but since w= 0 at r = a

a2w
then 0 at r = a

and the Mr = 0 condition may be simply written:

2 w
S- + -e = 0

r ar

Using the six sets of equations to determine the corre-

sponding six, sets of constants the primed and unprimed func-

tions R become explicitly:



R Pa 9) k-i Vs- b) +
4ir (:1 1+ (~v k v +k a Ia

+ k- (2+k+v,) + 2 1+v9 (b ) 1 - 2r 2 ~ b (b1)

k+1 (k+v,) k+1 k+v 9 a a kc a *r

R -Pb fl 1 (+vq) -(1+v,-kl)b k r 1+
2rk3 D k1 1 2k1k+
1 r r (a 1 b 1 )(l+k 1+VQ)

+2(1+v 0) a k1-b k1 2k 1r a}
+ -k a- -b-lo
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and for the primed functions:

Ro Pa 2  F [2 (livG) k-i vg-k (b) 1.~+k +0ro D(k2_1) 1+k .) (ka a

+ I 2+k+v + +V) 1bl+k 2 J +k

k+l k+v0  k+l k+v 0 a a k a b

l- Pb+ 1  r 1+k 2a (l+v,)-(l+v,-kl)bk l+k 11 b r k r +

SlDr b (1+k 1 +V,)(a lb 1)

2(1+v0 ) akl - bkl 2klr a

+ __ _77_k r - - 77- log -
(1+k 1 )+v) a lb 1 b 1 b
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It can be easily shown that the isotropic solution will

be obtained if we use the following values for the parameters:

k =1 k kl = 2 pm = m, qm=1,

Dr =D, and v =V

Also,

lim wi Pa 2  2+k+v 0

b-# 0 r=b 4,Dr (k+l)2  k+v @

which is the deflection under a concentrated load P of a

simply supported circular plate with circular anisotropy 15].

Now that the R functions are explicitly given in terms

of the elastic compliances the deflection equation for a simply

supported circular plate with eccentric concentrated force is

completely determined.

Experiments to determine deflections can now be conducted

on the anisotropic plate with the given load and boundary con-

ditions. As a consequence, a sufficient number of simultaneous

equations involving only the elastic compliances as unknowns

can be set up and solved to give the desired value of the

compliances.
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